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ABSTRACT
Low frequency noise (LFN) is ubiquitous in many elec-

tronic devices, however its effect on the oscillators and reso-

nant sensors that underlie modern technology is rarely consid-

ered. Here we demonstrate LFN up-conversion, or aliasing, in

encapsulated microelectromechanical systems (MEMS) res-

onatorsmeasuredwith a thermomechanical-noise-limited read-

out. By delineating and mitigating the LFN up-conversion in

a set of devices, we improve the frequency stability limit by

an order-of-magnitude.
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INTRODUCTION
Microelectromechanical systems (MEMS) oscillators are

gradually replacing quartz-based oscillators as timing refer-

ences in mobile devices and other applications [1, 2]. The

frequency stability of the resonant element is an important

consideration for these devices because it impacts the perfor-

mance of the timing reference. There are several emerging

techniques for improving the frequency stability of microelec-

tromechanical systems oscillators by operating in the nonlin-

ear regime of the resonator, such as operating at zero-disper-

sion points [3, 4], utilizing coupling between modes [5], or

increasing the linear operating range [6]. These techniques

are promising but have yet to be incorporated into oscilla-

tors and resonant sensors fabricated using wafer-scale encap-

sulation process that forms the basis of commercial devices

[7]. Frequency stability can be improved by pushing the os-

cillator operation into the nonlinear regime if the oscillator

noise is limited by the fundamental thermomechanical noise

of the resonator and other extrinsic noise mechanisms are not

present.

Our development of low-noise capacitive transduction in

encapsulated MEMS resonators enables thermomechanical-

noise-limited frequency stability at moderate vibration ampli-

tudes [8], but several noise sources conspire to limit the fre-

quency stability at vibration amplitudes approaching the res-

onator nonlinearity limit. Here we identify and directly mit-

igate one such noise source: low frequency noise (LFN) up-

conversion, also known as low frequency noise aliasing [9].
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Figure 1: A diagram for the low frequency noise (LFN) volt-

age noise up-conversion mechanism, as additional voltage

noise in the drive electrode line. A harmonic symbol is used

to denote LFN because up-conversion can also occur for in-

tentional low frequency harmonic voltages. To track the res-

onance frequency, we establish a phase-locked loop with a

Zurich Instruments (ZI) lock-in amplifier. The beam mode

shape and gaps are exaggerated for clarity.
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Figure 2: (a) The thermomechanical-noise-limited ampli-

fier setup for capacitive detection of the encapsulated MEMS

beam motion. The parasitic noise is minimized by wire-

bonding the sense electrode directly to the first stage oper-

ational amplifier input. (b) A chip containing a device-un-

der-test, suspended off the substrate by the wire-bonds to the

drive, sense, and bias voltage electrodes to minimize clamp-

ing loss [10].

LFN includes ambient electromagnetic noise such as 60 Hz

harmonics and voltage noise introduced by the voltage supply

and temperature chamber. We directly mitigate these noise

sources by utilizing a battery supply, minimizing the lock-in

amplifier drive cable length, and shutting off the temperature

chamber.
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Figure 3: (a) The amplitude-frequency responses for drive

voltage amplitudes ranging from 100 µV to 1500 µV, illus-
trating the approach to nonlinear behavior. (b) The measured

low frequency noise (LFN) spectrum on the transimpedance

amplifier (TIA) input while connected to the device sense elec-

trode without noise mitigation, illustrating 60 Hz harmonics.
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Figure 4: The frequency stability for a device before (green)

and after (red) minimizing LFN up-conversion. The Allan de-

viation of the resonance frequency for varying drive voltage,

with the predicted thermomechanical contribution (dashed

lines) [11].

MODEL
Low frequency noise at ∆ω frequency results in an up-

converted current out of the sense electrode at frequencies ω±

∆ω with an amplitude given by [9]:

in = 2(Γc + ΓF,Lin + ΓF,NL + Γk)uacun (1)

where the up-conversion of low frequency noise arises from

severalmechanisms, including current aliasingΓc, force alias-

ing ΓF,Lin and ΓF,NL, and spring aliasing Γk following [9].

The current aliasing factor is given by:

Γc =
ω0Qη2

2kUdc
, (2)

which arises from the time-varying drive electrode gap capac-

itance and only requires a linear dependence of capacitance on

displacement, e.g. which occurs for a comb drive.

The linear force aliasing factor is given by:

ΓF,Lin =
ω0Qη2

2kUdc
, (3)

which arises from mixing of the drive voltage with the noise

voltage in the quadratic capacitive force and only requires a

linear dependence of capacitance on displacement.

The nonlinear force aliasing factor is given by:

ΓF,NL = −jω0Q
2η3

k2d
, (4)

which arises from mixing of the noise voltage with the DC

bias voltage and the vibration amplitude and uses the quadratic

dependence of capacitance on displacement, e.g. which oc-

curs for parallel plate capacitance.

The spring aliasing factor is given by:

Γk =
j3η4ω0Q

2Udc

2k3d2
, (5)

which arises frommixing in the nonlinear spring force arising

from nonlinearity in the capacitance.

The electromechanical transduction factor η is given by:

η = Udc
∂C

∂x
≈ UdcC0

d
, (6)

where the drive electrode capacitance at zero displacement is

given by:

C0 =
ε0Ael

d
(7)

and where uac is the amplitude of the drive voltage at near

the mode natural frequency ω0, un is the amplitude of the low

frequency noise voltage,Q is the quality factor, k is the mode

spring constant,Udc is the DC bias voltage, d is the drive elec-
trode capacitive gap size, ε0 is the permittivity of free space,

Ael is the drive electrode area, and j is an imaginary number.

EXPERIMENTAND DISCUSSION
We demonstrate the influence of LFN aliasing on oscil-

lator frequency stability using the measurement setup in Fig.

2. The characterized devices are doubly clamped beam res-

onators previously discussed in [8], which are fabricatedwithin
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Figure 5: (a) The measured resonance thermomechanical noise spectrum for increasing drive amplitude at resonance ranging

from 0 µV to 400 µV (dark to light gray), with the oven off and the battery bias supply outside of the oven, illustrating up-

converted 60 Hz harmonics LFN. The black spectrum corresponds to the thermomechanical noise without any external drive.

(b) The noise spectrum with the battery bias inside the oven and the oven on, illustrating up-converted LFN from the oven. (c)

The noise spectrum with the battery supply inside the oven, the oven off, and minimizing drive cable length. (d) The same as (c)

except a 3-stage drive high-pass filter is used on the drive.

awafer-scale encapsulation processwhich eliminates gas damp-

ing and confers excellent long-term frequency stability. These

devices are selected for this work because they have nearly

the smallest achievable lumped mass for this fabrication tech-

nology (m=55.15 ng for the fundamental flexural mode) and

strong electromechanical coupling to the drive and sense elec-

trodes, making them highly susceptible to the ambient LFN in

Fig. 3(b).

The noise aliasing factors are estimated for this device in

Table 1. The current aliasing factor Γc and the linear force

aliasing factor ΓF,Lin holds even for a completely linear ca-

pacitive transduction, while the nonlinear force aliasing factor

ΓF,NL and the spring aliasing factor Γk both occur because

of nonlinearity in the capacitance. We see that these nonlin-

ear mechanisms are largely responsible for the LFN aliasing

in this device, although a fully linear capacitive transduction

would still exhibit some LFN aliasing.

The frequency stability for two identical beam devices is

measured via the Allan deviation in Fig. 4, with and without

LFN up-conversion minimization. At small drive amplitudes,

the Allan deviations for the two devices at short timescales

agree with each other. At large drive amplitudes, the ADEV

for the first device plateaus at the frequency stability imposed

by the LFN up-conversion, whereas theADEV for the second

device with LFN mitigation continues to improve.

The effect of LFN up-conversion on the resonator noise

spectrum is depicted in Fig. 5, and shows the presence of am-

Table 1: The estimated noise aliasing factors for the doubly

clamped beam resonator devices. The assumed bias voltage

is Udc=11.2 V, and other device parameter values are delin-
eated in [8].

Noise

factor

Value Description

|Γc| 5.16×10−6 A/V2 Current

|ΓF,Lin| 5.16×10−6 A/V2 Linear force

|ΓF,NL| 1.07×10−2 A/V2 Nonlinear force

|Γk| 8.40×10−3 A/V2 Spring

bient LFN arising from 60 Hz harmonics in the cabling and

bias voltage supply as well as broadband noise from the tem-

perature-stabilization oven. These noise sources are mitigated

at their source by using a battery supply in the oven and turn-

ing off the oven. The up-converted noise is further minimized

by employing a high-pass filter (HPF) on the drive.

The frequency stability at a 300 ms integration time is

plotted versus drive voltage for four comparable beam res-

onators in Fig. 6. The first three devices (A,B, and C) are

operated without LFN mitigation, whereas the fourth device

(D) is operated with LFN mitigation. The frequency stability

of the device with LFN mitigation tracks the limit imposed

by thermomechanical noise until the predicted onset of res-
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Figure 6: The plotted Allan deviations (ADEVs) at 300 ms

integration time versus drive voltage for devices A, B, and C

which do not minimize LFN up-conversion, as well as device

D after minimizing LFN up-conversion. The LFN up-conver-

sion limit is determined from inspection, and the nonlinear

limit to frequency stability is derived for this device from [12].

onator nonlinearity. The frequency stability for device D at

large drive amplitudes is limited by the onset of amplifier

nonlinearity, which masks the effects arising from intrinsic

resonator nonlinearity. Future work will develop an ampli-

fier which maintains thermomechanical-noise-limited resolu-

tion while extending the dynamic range, enabling studies of

frequency stability in strongly nonlinear encapsulated MEMS

resonators.

We identify LFNup-conversion as an important noisemech-

anism which can limit the frequency stability in MEMS os-

cillators, and use direct techniques to mitigate the noise, en-

abling a ten-fold improvement in oscillator frequency stability

limit. Alternately, utilizing drive tone mixing [13, 11] or para-

metric techniques [14] can evade this noise source by avoiding

applying a large amplitude capacitive drive tone at resonance.
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