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ABSTRACT

We report on the first experimental demonstration of an
effective and systematic control over the mechanical
contribution to the Duffing nonlinearity in micro-
electromechanical (MEMS) resonators using nonlinear shape
optimization methods. A set of microbeams with selected
variable geometry profiles optimized for in-plane vibrations was
designed and characterized. Experimental results have
demonstrated that these shape changes result in more than a
three-fold increase and a two-fold reduction in the Duffing
nonlinearity due to resonator mid-line stretching. The
minimization of the cubic term in the resonator stiffness resulted
in a substantial increase of the resonator linear range.

INTRODUCTION

Resonant micro-electromechanical-systems (MEMS) have
grown in popularity over the past several decades due to their
numerous applications including stable frequency generation
and timing [1-2], robust mass and angular rate sensing [3-4],
precise signal filtering [5-6], and energy harvesting [7]. While
the majority of MEMS resonators are designed to operate in
their linear dynamic range, research has shown that utilizing
nonlinearity in resonant MEMS sensors can significantly
improve the performance of these systems in some of the
applications mentioned above [1,8]. Nonlinear stiffness effects
in MEMS resonators commonly arise from finite deformations
that lead to nonlinear strain-displacement relationships [9],
and/or the nonlinear nature of electrostatic forces in capacitive
MEMS [4-6, 10-11].

The ability to control the nonlinearity in resonant MEMS
allows one to design devices based on their applications with
greater control over their dynamical responses. It has been
shown that one can independently tune the linear and/or cubic
stiffness coefficients due to the electrostatic potential of the
capacitive drive in order to relax the constraints in mode
mismatch in MEMS gyroscopes due to fabrications errors
[4,12], to achieve optimal drive conditions for micro resonators
[13], and to enhance their dynamic range [14]. On the other
hand, Dou et al. manipulated geometric contributions in the
nonlinear resonator stiffness parameters by performing the shape
optimization of the thickness profile in different MEMS
resonators to achieve targeted nonlinear coefficients using a
gradient-based optimization method [15-16]. The numerical
results in [15,17] showed that removing/adding the material (by
changing the cross-sectional area) from the points where the
slope of the resonator mode shape is maximal results in
continuous decrease/increase of the geometric contribution to
the resonator cubic nonlinearity. This effect becomes more
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pronounced as the difference in the beam thickness increases.
We followed the shape optimization approach described in [15]
in order to manipulate the nonlinearity in a set of clamped-
clamped microbeams, and selected a few designs with
geometries corresponding to different stages of the resonator
shape optimization process. The beams were fabricated in
single-crystal silicon using standard SOI (silicon-on-insulator)
processing techniques with deep reactive ion etching and
released with HF vapor. Figure 1 shows SEM images and
COMSOL models of three of representative designs of the
clamped-clamped beams under study: a beam with uniform
thickness  (Beam initial) and beams  designed to
minimize/maximize the cubic nonlinearity

(Beam min/Beam_max). The resonant frequencies of the beams
range from 80 to 200 kHz.
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Figure 1: SEM images and COMSOL models of three
representative clamped-clamped microbeams under study.
“Beam_initial” is the beam with uniform thickness, while
“Beam_min”/"“Beam_max" are designed to minimize/maximize
the resonator Duffing nonlinearity. Beam dimensions are 500
um (length) by 20 um (out-of-plane thickness) by 2~6 um (in-
plane thickness).

THEORY

The dynamic response of a clamped-clamped microbeam
performing in-plane flexural vibrations can be modeled by the

standard Duffing equation with positive cubic stiffness
coefficient [18-19] as follows:
%4+ Q twex + w2x(1 +yx?%) = fcos(wt) (1)

where w is the natural frequency of the beam, Q is the quality
factor, y is the coefficient of the cubic nonlinear stiffness term
(Duffing nonlinearity), and f and w are the drive amplitude and
frequency. The critical vibration amplitude (a,;) at which
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nonlinear effects result in a qualitative change of the resonator
response, specifically, at which the frequency response
transitions from being single-valued to multi-valued, is given
by:

an = ()" £, @

which shows that one can maximize the resonator critical
vibration amplitude by reducing the Duffing nonlinearity y [18].
Once the system response enters its nonlinear region, the
relationship between the nonlinear resonance amplitude (a,) and
frequency (wy,) can be written as:

wp(ap) = wo(1+ zyaf,) 3)

Equation (3) provides the so-called Duffing backbone curve [19]
that characterizes the system nonlinearity in the form of
amplitude-frequency dependence. In order to compare the
results of the shape optimization method on the Duffing
nonlinearity of the system, we use the effective Duffing

nonlinearity Yers zgy as the objective function to be
minimized/maximized.

EXPERIMENTS

In the experiment, the beams were externally actuated by a
shear piezoelectric stack actuator to achieve in-plane excitation.
The in-plane motion of each beam was detected using a Laser
Doppler Vibrometer by tilting the microbeams at 45° angle with
the laser focused on the sidewalls. The actual in-plane velocity
of the microbeam can be calculated from simple geometry. This
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Figure 3: Amplitude-frequency responses of microbeams
exhibit hardening behavior. The drive voltages for the three
beams from top to bottom are: 0.2:0.1:1.4V, 0.7:0.5:4.7 V and
0.2:0.4:4.0 V respectively.
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arrangement allowed characterization of the mechanical
nonlinearity isolated from electrostatic effects. ~Amplitude-
frequency responses for each beam were obtained at multiple
drive amplitudes in atmospheric pressure from a spectrum
analyzer. The schematic in Figure 2 depicts the experimental
setup.
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Figure 2: Experimental setup schematic. Microbeams are
actuated externally by a shear piezoelectric stack. The in-plane
responses are measured with a Laser Doppler Vibrometer
(LDV, Polytec MSA-400) by tilting the beams at 45° with the
laser focused on the sidewalls. The amplitude-frequency
response curves are obtained from the spectrum analyzer (HP
884104).

RESULTS

The amplitude-frequency responses for the three
representative beams shown in Figure 1 are plotted in Figure 3.
As the driving amplitude increases, the amplitude-frequency
response of each microbeam exhibits hardening behavior, as
expected from a positive Duffing nonlinearity due to the mid-
line stretching effects. Once the system response enters its
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Figure 4: Amplitude-frequency characteristics of three
representative microbeams. Solid, dotted and dashed curves
represent least-square fitting of experimental results for
“beam_initial”, “beam_min” (final), and “beam_max" (final)
respectively.



Table 1: Characterization results for microbeams under study. Data shows clear trends of the Duffing nonlinearity towards its
minimum/maximum values depending on the beam geometry profile. The discrepancy between numerical and experimental results for the
beams designed to maximize v,y is expected due to abrupt changes in the beam thickness profile, which causes errors in the numerical
algorithm utilizing simple beam elements. In contrast, the relative error between numerical and experimental results for the beams
designed to minimize Y55 is 8% or less due to comparatively smooth beam profiles.

COMSOL Numerical Results Experimental Results
Results following techniques in [15 from least-square curve fits
Beam type % 1y wo( o £ q_z ﬁ o ( q S, ﬁ

> SHZ o SHZ | Very, MM Verfo Py kHz Yerf, UM Verfo
Beam_initial 135.0 135.1 0.0165 1 134.5 0.0188 1
Beam min (5% iteration) 145.7 148.7 0.0117 0.712 145.0 0.0129 0.699
Beam_min (Final) 191.9 189.4 0.0059 0.357 190.9 0.0072 0.388
Beam_max (20" iteration) 86.8 85.8 0.0844 5.111 91.8 0.0472 2.558
Beam_max (Final) 79.9 70.5 0.1248 7.559 86.1 0.0569 3.309

bistable regime, the maximum nonlinear response amplitude is
only a function of its corresponding frequency, as described by
equation (3). Using this result, we extracted the peak amplitude
from Figure 3 and plotted the frequency as a function of the
peak amplitude (a,), followed by curve fitting to obtain the
natural frequency and cubic nonlinearity. Quadratic curve fitting
is performed to the data using w(a,) = a(1+ bazz,), where the
fitting coefficients “a” and “b” correspond to the beam natural
frequency w, and the effective Duffing nonlinearity y.zs
respectively.  After the coefficients are determined, we
normalized the frequency of each beam design to its natural
frequency for direct comparison of the three representative
beams (Figure 4). We further compared the experimental results
to the numerical simulations following the process in [15]. Table
1 summarizes the comparisons between the beam designs,
including the intermediate ones.

DISCUSSION

We compared the values of y. 55 for beams at different stages
of the optimization iteration process with the corresponding
Duffing nonlinearity of the nominal (uniform) beam, y,ff o; the
results are summarized in Table 1. These characterization
results show that the resonator shape optimization results in the
natural frequency varying from its nominal, uniform beam,
value. They also demonstrate that the designs to minimize
nonlinearity reduce the Duffing nonlinearity by a factor of 2.6
when compared to the initial uniform beam, which corresponds
to a 1.6 times increase in the critical vibration amplitude at
which the resonator becomes nonlinear [18]. Meanwhile, the
beam design with maximum nonlinearity achieves a 3.3 times
increase in the Duffing nonlinearity compared to the uniform
beam. Further, we performed numerical simulations on the
same beam geometries using the optimization techniques
described in [15]. When compared the experimental results to
the numerical predictions, the minimization of y,sf agrees with
the simulations within 8%. A larger discrepancy occurs in the
maximization of y,¢f , however, the trend qualitatively agrees
with the numerical results. The difference between numerical
and experimental results for the beams designed to maximize
Yesr is due to the abrupt changes in the beam thickness profile,
which causes errors in the numerical algorithm, which utilizes
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simple beam elements. In contrast, beams designed to minimize
Yers Tesults in relatively small errors due to the relatively
smooth beam profiles.

CONCLUSION

The experimental results shown in this work are in good
agreement with numerical predictions [15] for the important
case of minimizing the nonlinearity, and they demonstrate that
one can successfully utilize shape optimization methods for
adjusting the resonator nonlinearity in a well-controlled manner.
The ability of reducing the Duffing nonlinearity is especially
useful in increasing the linear dynamical range of resonators,
which plays a pivotal role in reducing phase noise in MEMS
oscillators and for increasing the signal to noise ratio in resonant
sensors [20]. Finally, our results provide strong confidence that
shape optimization methods can be applied in the design of
nonlinear MEMS resonators with more complicated geometries,
with multi-physics effects, and for different nonlinear
parameters, including hard-to-control modal coupling
coefficients [15].
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