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ABSTRACT 

Accurate analysis of electrostatic MEMS and the 
development of reliable reduced-order (or macro) models for rapid 
system-level analysis requires proper understanding and the 
characterization of the non-linearity in electrostatic devices. The 
use of linear theories instead of non-linear theories can produce 
inaccurate results and the use of non-linear theories, in situations 
where linear theories can produce accurate results, can be very 
expensive and time consuming. Hence, it is critical to identify the 
regimes where linear and non-linear theories are valid. Simulation 
of non-linear behavior in electrostatic devices using classical 
finite-difference and finite-element methods can be very inefficient 
because of complex meshing requirements. We propose new non- 
linear meshless techniques for efficient simulation of electrostatic 
MEMS. The key results of this paper are two-fold: (i) the 
development of new meshless techniques for radically simpler 
analysis of electrostatic MEMS and (ii) the identification of the 
regimes where linear and non-linear theories are accurate and the 
various parameters that contribute to the non-linearity in 
electrostatic devices. 

INTRODUCTION 

Meshless techniques [l-3] are extremely powerful numerical 
methods as they do not require the generation of a mesh for 
complex three-dimensional microelectromechanical devices and 
systems (MEMS). Meshless techniques radically simplify the 
computer-aided design (CAD) for MEMS and significantly reduce 
the design cycle time for innovative MEMS. In this paper, we 
present a new finite cloud meshless method for geometrically non- 
linear analysis of electrostatic devices. The key features of the 
method are (i) it is a true meshless technique - which means that 
only points need to be sprinkled and no connectivity information 
among the points is necessary (ii) a fixed reproducing kernel 
approximation is employed for constructing the interpolation 
functions and (iii) a collocation method is used for discretizing the 
governing equations. 

By using the finite-cloud meshless method we investigate the 
regimes where linear and non-linear theories are suitable for 
electrostatic MEMS. The peak deflection and pull-in voltage 
obtained with linear and non-linear theories for a cantilever beam 
and a fixed-fixed beam with various lengths and gaps are studied. 
It is shown that for a small gap, both linear and non-linear theories 
give identical results, which are in excellent agreement with 
published data for pull-in voltages [5]. However, as the gap/length 
ratio increases, with all other variables held fixed, significant 

* This research is supported by DARPA under agreement number 
F30602-98-2-0718. Address all correspondence to aluru@uiuc.edu 
http://www. staff.uiuc.edu/-aluruu/. 

deviations are observed between linear and nonlinear theories. 
Specifically, we have observed that, for larger gaps in comparison 
with the length, the pull-in voltages obtained with non-linear 
theories are accurate, and the linear theories are in significant 
error. The comparison between linear and non-linear theories for 
the fixed-fixed beam is much more pronounced. As the gap to 
length ratio increases, the error in pull-in voltage with linear 
theory increases significantly. From the results presented in this 
paper, it is evident that the gap/length ratio is one of the key 
variables in determining whether a linear or a non-linear theory 
should be employed for electrostatic MEMS design. 

GOVERNING EQUATIONS 

We will be primarily concerned with two-dimensional 
devices in this paper. For small micro-mechanical deformations, 
the linear theory of elasticity as defined by equations (l)-(3) can 
be used. 

V.z+b =0 in !G! (1) 

u=g on r, (2) 

2.n=h on r, (3) 

In the above equations, o is the Cauchy stress, b is the body force, 
g is the specified displacement on the boundary portion $ and h is 
the surface traction on the boundary I’,, n is the unit outward 
normal. In coupled electro-mechanical analysis, the surface 
tractions are nothing but the electrostatic forces. When the 
electrostatic forces are dominant, the micro-mechanical structure 
can undergo large deformations, in which case the linear theory 
described by equations (l)-(3) may produce inaccurate results. 

When an elastic body undergoes large deformation, the 
difference between the initial configuration and the deformed 
configuration of the body can not be neglected as was done for the 
case of linear elasticity. Instead, Eq. (1) is only valid for the 
deformed body whose configuration is unknown. While Cauchy 
stress and engineering strain are used as stress and strain measures 
for linear theory, the second Piola-Kirchhoff stress and the Green- 
Lagrangian strain are used as the stress and strain measures, 
respectively, for the geometrically non-linear analysis. The 
governing equations for large deformation analysis can be 
described by using either a total Lagrangian or an updated 
Lagrangian description (see [3] for differences between the two 
descriptions). In this paper we use a total Lagrangian description, 
in which all the variables reside in the initial configuration. The 
governing equations for a large deformation case are summarized 
below: 

V-(FS)+B=O in !2 (4) 

u=G on r, (5) 

P-N=H on r, (6) 
where F is the deformation gradient 

F =I+Vu (7) 
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II is the displacement from the initial configuration X to the 
deformed configuration x, x = X + U, S is the second Piola- 
Kirchhoff stress given by: 

S=CE @I 
where C is the material tensor and E is the Green-Lagrangian 
strain: 

E =+(FTF -I) (9) 

B is the body force per unit undeformed volume and H is the 
surface traction per unit undeformed area. P is the first Piola- 
Kirchhoff stress tensor given by 

P=FS (10) 

FINITE CLOUD MESHLESS METHOD 

The finite cloud meshless (FCM) method uses a fixed 
reproducing kernel approximation to construct the interpolation 
functions and a point collocation technique for discretizing the 
governing partial differential equations [l]. In a fixed reproducing 
kernel technique, an approximation u”(x,y) to an unknown u(x,y) is 
given by 

ua (X,Y) = j$CA Y,SJ)(P(X, -s, YK -~M~,W~~ (11) 

Where the correction function C(x,y,s, t) is given by 

CkY,~,~) = PTWC(X>Y) WI 
q is the kernel function which is usually taken as a cubic spline or 
a Gaussian function. P is the vector of basis functions 

pT = 
i 
u>sJl m=3 

(13) 
[1,s,t,s2,st,t2] m=6 

C(x,y) are the unknown correction function coefficients computed 
by satisfying the reproducing conditions, i.e. 

s a pT (‘> t)c(X> .Y)CptxK - ‘> .Yk - t>pi (‘7 ‘ldsdt = Pj (‘3 Y> (14) 
i = 1,2,...,m 

In discrete form, Eq. (14) can be written as 

i = 1,2,...,m 

Eq. (1.5) can be rewritten in a matrix form as 

MC(x, Y> = P(x, Y> (16) 

M, =&&Y,wK -XI > YK - Y/ )Pj (XI, YI >AVI 
I=1 

i, j = I,2 ,..., m (17) 
From Eq. (16), the unknown correction function coefficients are 
computed as 

C(X,Y> = M-‘P(x,y) (18) 

Substituting the correction function coefficients into Eq. (11) and 
employing a discrete approximation for Eq. (1 l), we obtain 

u”(x, Y> = 2 N,(x, Y&q 
I=1 

(1% 

where c, is the nodal parameter for node I, and N,{x,y) is the fixed 

reproducing kernel interpolation function defined as 

N,(x,Y)=PT(X,Y)~-‘p(x~,Y,)~,(xK-xr.YK-~~)AV~ c20) 
The derivatives of the unknown u are approximated by 

(21) 

(22) 

FCM FOR LARGE DEFORMATION ANALYSIS 

For large deformation analysis the displacements U, v and 
their derivatives are approximated by using Eq. (20)-(22). 
Substituting the approximations into Eq. (4), one gets a non-linear 
system of equations 

fj(~l,iz2 ,..., uINP,C,,vn2 ,..., i&)=0 j = 1,2 (23) 

This non-linear system can be solved by using a Newton’s method. 
Boundary conditions are enforced on the boundary points where 
Dirichlet or Neumann boundary conditions are specified. The 
governing equations for such boundary points are 

u-G=0 on r, 
(24) 

P.N-H=O on r, 

The accuracy of FCM is demonstrated by computing the large 
deformation of a cantilever beam. In Figure 1, we consider the 
large deformation of a 1Opm x lvrn x lbrn cantilever beam, In 
Figure 2, the results obtained with the meshless method are 
compared with ANSYS results. The good match between the two 
results establishes the accuracy of the non-linear meshless 
technique. In Figure 3, we simulate the same beam by using a 
random distribution of 455 points. A comparison with the 
analytical solution is shown in Figure 4. This result clearly 
establishes the significance of the method - by simply sprinkling 
points randomly, we can obtain accurate results without having to 
go through the complex process of generating meshes for micro- 
machined devices. 

MESHLESS ANALYSIS OF ELECTROSTATIC 
MEMS 

The behavior of many microswitches can be characterized by 
studying the deformation of cantilever and fixed-fixed beams 
subjected to electrostatic potentials. The linear and non-linear 
models presented in Eq. (l)-(3) and Eq. (4)-(6), respectively, are 
solved when the surface tractions are the electrostatic forces. 

In Figures 5-10, we investigate the regimes where linear and 
non-linear theories are appropriate. Cantilever and fixed-fixed 
beams with a width of 10 pm and a thickness of 0.5 l..un are 
considered. Figure 5 and 6 compare the peak deflection and pull-in 
voltage obtained with linear and non-linear theories for a fixed- 
fixed beam with a length of 70 pm and two gap lengths. For a 
small gap length of 0.5pm (shown in Figure 5), we observe that 
both linear and non-linear theories give identical results. However, 
for a large gap length of 2pm (shown in Figure 6), we observe that 
the pull-in voltage is significantly different. More extensive 
studies for the cantilever beam with lengths varying from 1Opm to 
1OOpm and gap/length ratios varying from 1% to 60% are shown 
in Figures 7 and 8. For small gaps in comparison with the length 
of the beam, we observe that the pull-in voltages obtained with 
both linear and non-linear theories are very close. However, for 
larger gaps in comparison with the length, we observe that the 
pull-in voltages obtained with linear theories are in significant 
error compared to non-linear theories. The comparison between 
linear and non-linear theories for the fixed-fixed beam, shown in 
Figures 9 and 10, is more pronounced. As the gap to length ratio 
increases, the error in pull-in voltage with the linear theory 
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increases significantly. Furthermore, for the fixed-fixed beam 
example, for a fixed gap/length ratio, the change of length has a 
significant effect on the pull-in voltage error while this effect is 
not very pronounced in the cantilever beam case. 

CONCLUSIONS 

The primary contributions of the paper are summarized as 
follows: (a) For electrostatic structures, linear theories hold over a 
very small regime (gap/length ratio of less than 10% for cantilever 
beams and less than 1% for fixed-fixed beams). For accurate 
simulations or for the development of reduced-order models, 
designers need to use non-linear theories appropriately (b) We 
have developed new non-linear meshless techniques to efficiently 
and accurately simulate the non-linear behavior of electrostatic 
devices. These approaches offer radically simpler and easy-to-use 
CAD tools for MEMS designers. 
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Figure 5. Comparison of Linear and non-linear results for a 
f?ed-fixed beam with a length of 7Opm and a gap of 0.5 pm. 

, I 
2 

1.8 

1.6 

1.4 

F 1.2 

.Y 
5 
a 1 
1 

0.8 

0.6 

0.4 

o.2tm 0 i 
0 20 40 60 80 100 120 140 160 180 

pull-in voltage {VI 
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Figure 7. GapAength ratio vs. pull-in voltage for cantilever 
beams. 

Figure 8. GapAength ratio vs. pull-in voltage error between 
linear and non-linear results for cantilever beams. 
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Figure 10. Gap/length ratio vs. pull-in voltage error between 
linear and non-linear results for fixed-fixed beams. 
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