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ABSTRACT 

Computing drag forces on geometrically complicated 
3-D micromachined structures, such as an entire lat- 
erally moving comb resonator, is a challenging prob- 
lem. The standard semi-analytic approach, based on 
assuming a regular flow patterns such as Couette or 
one-dimensional Stokes flow, results in a good rough es- 
timate for the drag force but can be insufficiently ac- 
curate to correctly predict geometric sensitivities. De- 
signers have not tried to improve the accuracy using 
numerical simulation, because traditional finite-element 
based 3-D fluid simulation is too computationally ex- 
pensive to use for such complicated geometries. How- 
ever, the recently developed FastStokes solver, based on 
the precorrected-FFT accelerated iterative methods, has 
made fluid analysis of an entire comb tractable. Herein, 
we compare measurements to simulation to show that 
drag force can be accurately predicted using 3-D simu- 
lation. In addition, detailed examination of the results 
from 3-D simulation indicates that there is significant 
contribution to drag due to sidewall forces, and there- 
fore structure levitation will not increase quality factor 
as dramatically as one would expect from Couette flow 
analysis alone. 

use for such complicated geometries. However, the re- 
cently developed FastStokes solver [3] [4], based on the 
precorrected-FFT accelerated iterative methods [5], has 
made fluid analysis of an entire comb tractable. In this 
paper, we compare measurements to simulation to show 
that drag force can be accurately predicted using 3-D 
simulation. In next section, a short description of Fast- 
Stokes is given, It is followed by the description of the 
experimental measurements of the resonant frequency 
and the quality factor of a micro-resonator. In section 
3, numerical simulations of the drag force and the qual- 
ity factor of the device are presented. Results are com- 
pared with the measured data, and good agreement is 
demonstrated. In addition, the computational results 
are examined in detail to show that sidewall forces are 
significant. Finally, in sections 4 and 5, we give conclu- 
sions and acknowledgements. 

INTRODUCTION 

Analysis of the dynamic behavior of micromachined 
devices packaged in the air or fluid requires the determi- 
nation of damping effects on the devices due to viscous 
forces from the surrounding fluid. Because of the small 
spatial scale of the devices, the fluid usually satisfies 
Stokes’ equation. Therefore, computing drag forces in- 
volves solving Stokes’ equation on geometrically compli- 
cated 3-D micromachined structures, such as an entire 
laterally moving comb resonator, and this is a compu- 
tationally challenging problem. Instead, semi-analytic 
approaches are often used, based on assuming a regular 
flow patterns such as Couette or one-dimensional Stokes 
flow [l] [a]. These approximations result in a good rough 
estimate for the drag force but can be insufficiently accu- 
rate to correctly predict geometric sensitivities. Design- 
ers have not tried to improve the accuracy using numer- 
ical simulation, because traditional finite-element based 
3-D fluid simulation is too computationally expensive to 

FASTSTOKES 

FastStokes is a 3-D fast solver for both steady and 
unsteady Stokes’ equations. The program combines a 
boundary element method for discretizing an integral 
formulation of Stokes’ equation with precorrected-FFT 
accerated technique for solving the discretized equations. 

The equivalent indirect boundary integral equations 
for unsteady Stokes’ flow in the frequency domain are [6] 

where S is the surface on the object in an infinite fluid, 
and the Greens function is given by 

(2) 

A = 2e-R(1 + $ + A) - $ 

B = -2eeR(1 + $ + $-) + & 

R=Xr 

In (1)) tij (xo) is the jth component of t,he velocity vector 
at the source point xo, f is the Stokeslet density function 
and the real part off corresponds to the real part of the 
surface traction if there is a single moving object that 
rigidly translates in the fluid, p and ,U are the density 
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and the viscosity of the fluid respectively, Oi is the ith 
component of the relative position vector between the 
source point and the field point, i.e. & = XO~-X~, T is the 
length of the relative position vector (r = 1x0 - xl), A is 

the frequency parameter which is defined as ;\’ = iw 5, 
w is the frequency of the fluid and d is the characteristic 
size of the object. 

A piece-wise constant collocation scheme is used to 
solve (1) [7]. The surface of the object (device) is dis- 
cretized into n small panels (see, for example, Figure 3), 
and the components of the traction forces are assumed 
to be constant on each panel. A system of equations 
for the panel unknowns is then derived by insisting the 
integral equations are satisfied at each panel centroid. 
The result is a system which relates the known velocity 
vector u to the vector of traction forces f, as in 

Ill fl 
l.3 f2 H Ll = P(w) : 

U” f” 

(3) 

where ui and fi are the velocity vector and vector trac- 
tion force for the ith panel, P is a 3n x 3n matrix whose 
elements are given by 

Ic,d= 1,2,3. (4) 

Here, xi denotes the centroid of the ith panel and Aj 
denotes the surface of the jth panel. 

The linear system in (3) could be solved with Gaus- 
sian elimination, but then the cost of system solution 
would grow like the cube of the number of unknowns. 
For the comb example in Figure 3, there are more than 
50,000 unknowns, and Gaussian elimination would re- 
quire more than 10,000 gigaflops to solve. In addition, 
storing the matrix grows like the square of the number 
of unknowns, and for the comb example would require 
more that 20 gigabytes. 

Instead, (3) is solved using a combination of an iter- 
ative method, complex GMRES [8], and a precorrected- 
FFT technique [5]. This combination of techniques re- 
sults in an algorithm whose solution time and memory 
grows nearly linearly with the number of panels. For 
example, the 50,000 unknown problem in Figure 3 can 
be solved in 15 minutes on a workstation, and requires 
only one gigabyte of memory. 

Experiment al Measurement 

The test structure was a surface-micromachined lat- 
eral resonator (Figure 1) fabricated using the MUMPS 

Table 1: Resonator dimensions 

finger gap 1 2.88pm 
finger length 1 39.96um 
fin&r overlap 
beam length 
beam width 

19.44bm 
151pm 
l.lum 

center plate 54.9pm x’ 19.26,um 
thickness 1.96um 

substrate PaD 1 2u;n 

Figure 1: Two- and three-dimensional images of a lat- 
eral resonator. The left panel shows the central portion 
of a lateral resonator imaged near its best plane of fo- 
cus. The resonator was excited to move by applying an 
electrical stimulus to the right comb drive while holding 
the left comb drive and shuttle at ground. Four regions 
of interest enclosing anti-stiction dimples are indicated 
by black boxes labeled Pl, P2, P3, and P4. A 3D im- 
age of an anti-stiction dimple (right panel) is obtained 
by stacking a sequence of images from multiple planes 
of focus (2 pm spacing). The in-plane and out-of-plane 
scales differ, as shown by the scale bars, for clarity. 

process at MCNC ( now Cronos Integrated Microsys- 
tems Inc., Research Triangle Park, NC). Dimensions are 
shown in Table (1). The resonator was set into motion 
in air (atmospheric pressure) using an electrical stimu- 
lus to one comb drive. The magnitude and angle of the 
resulting motions were measured using computer micro- 
vision [9] and results are shown in Figure 2. Results 
were well fit by a second order system response with a 
resonant frequency of 19.2 kHz and a quality Q of 27. 

Numerical Simulation 

A second-order spring-mass-dashpot model described 
in equation (5) was generated to capture the dynamic 
benavior of the resonator. 

rn,ffS + ck + lx = Factuator, (5) 
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In-plane motion Out-of-plane motion 

lc&o I&a 
f (Hz) f (Hz) 

Figure 2: Frequency response for in-plane (left) and out- 
of-plane (right,) motion of the anti-stiction dimple. Sinu- 
soidal voltages (10 Vpp AC plus 50 V DC) were used to 
stimulate motions of the resonator. Motions were mea- 
sured by analyzing a sequence of 3D images (see Figure 
1) obtained using stroboscopic illumination at 8 evenly 
spaced times during the stimulus period. Circles indi- 
cate the magnitude and phase of motions measured at 32 
frequencies form 1 to 72 kHz. Best-fitting second-order 
resonance curves are shown by the solid lines. 

where 2 is the displacement of the beams and Faetuato,. 
is the force given by the comb fingers due to the electric 
field. 

In equation (5), the effective mass rn,ff was deter- 
mined using Rayleigh’s method [lo]. It was defined as 

1 12 
me.f.f = mp + ;mc + zmb, 

where mp, m, and mb are the masses of the center plate, 
moving comb fingers and the beams respectively. The 
stiffness of the beams k was computed from the effective 
mass and measured resonant frequency: 

f=& 5. 
i e 

For the studied resonator, the effective mass and the 
stiffness of the spring are 3.5 x 10-llkg and 0.5112. 

The dashpot damping coefficient was computed by 
calculating the viscous drag force and then dividing by 
the velocity. The drag force was computed at the reso- 
nant frequency f = 19200 HZ. Two models were used: 
the Couette flow model (including damping due to both 
structure-substrate interaction and finger-finger inter- 
action) as in [l], and then the 3-D Stokes model, Fast- 
Stokes. The surface mesh used for FastStokes is shown 
in Figure (3). A convergence study was performed to 
ensure the accuracy of the simulation results. Table (2) 
shows the simulated drag force on the resonator for dif- 
ferent discretizations. The table shows that using 23,424 

Figure 3: The meshed resonator with substrate, total 
16575 panels 

Table 2: Viscous drag force on the resonator 

Number of Panels 1 FastStokes 1 Couette 
10048 1 165.04cnN) I 95.02 
16576 168.34(&j 
23424 169.45(d) 

panels results in a drag force that is within one percent 
of the exact solution to the Stokes’ equation. 

The quality factor Q of the resonator was determined 
from 

Results are shown in Table (3), together with the mea- 
sured Q. As the table shows, the Couette flow model 
overpredicts the Q by a factor of nearly two, whereas 
the FastStoke’s based result is within 10 percent. In 
Figure (4), we show the drag force distribution on the 
comb. As can be seen from the figure, there are sig- 
nificant contributions to the drag force on the sides of 
the comb. These contributions are mostIy caused by the 
pressure gradients existing in the flow field and the edge 
effects due to the finite size of the device. Based on an 
infinite-plate assumption, both Couette-model and 1-D 
Stokes-model fail to capture this component of the dra.g. 
Integration of the various components of the simulated 
drag force shows that side forces account for 33 percent 
of the drag, top force contributes (Stokes-type damping 

Table 3: Q factor of the resonator 

FastStokes ( Couette Measurement 
Q factor 25.16 1 44.59 27 
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Figure 4: Drag force distribution on the resonator, bot- 
tom (substrate-side) view 

in the ambient fluid) another 12 percent, and the bot- 
tom force (Couette-type damping) is 55 percent. The 
implication is that levitating the comb will not increase 
the Q as much as a Couette flow model predicts. 

CONCLUSIONS 

In this paper, we compare measurements to sim- 
ulation to show that viscous drag force can be accu- 
rately predicted using 3-D simulation. A lateral micro- 
resonator ocsillating in the air was studied. The drag 
force was simulated both using FastStokes, a precorrected- 
FFT accelerated unsteady Stokes solver and a simple 
Couette flow model. Quality factor of the device was 
then determined from the simulated results and com- 
pared with the experimental data. A good agreement 
was obtained between the 3-D results with the exper- 
imental data (error is within 10 percent), whereas the 
Couette model overpredicts the Q by a factor of nearly 
two. In addition, the detailed examination of the results 
from 3-D simulation indicates that there is significant 
contribution to drag due to sidewall forces, and there- 
fore structure levitation will not increase quality factor 
as dramatically as one would expect from Couette flow 
analysis alone. 
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