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ABSTRACT 

This paper presents the simulation of isothermal compressible 

squeezed-film damping effects for MEMS devices. The squeezed­

film governing equation, the isothermal Reynold's equation, is 

widely used in lubrication theory. Both damping and 

compressibility effects of the squeezed film are modeled 

numerically. Small and large amplitude motions are simulated by 

using finite-element and finite-difference codes respectively. 

Macro-model examples with this squeeze-film effect are also 

demonstrated. We find that the air compressibility effect is 

significant in high frequency operation for small amplitude 

oscillations, and that the nonlinearity of the governing equation 

causes a nonlinear pressure response for large amplitude motion. 

INTRODUCTION 

MEMS devices are often operated in ambient pressure, so that 

air functions as an important working fluid. An air film between 

two closely spaced plates moving in normal relative motion gives 

rise to a pressure distribution over the plate. The total pressure 

force, which opposes the motion of the plate, is known as squeeze­

film damping. Fig. 1 shows the schematic view of squeeze-film 

damping. Theory [1,2] shows that the viscous damping effect of 

the air film dominates at low frequencies, but spring-like behavior 

takes over at higher frequencies. The experimental studies [3-7] 

are in general agreement with the theory, but most of these studies 

focused only on the behavior of small amplitude oscillations. In 

this paper, we demonstrate that these effects can be successfully 

modeled numerically under small-amplitude sinusoidal conditions 

by a finite element package, as well as under large amplitude 

motion by finite difference codes. A simulated macromodel 

including the squeeze-film damping effect for a micro­

accelerometer [8) with small amplitude motions is presented. The 

frequency response shows that the spring effect of the squeeze film 

due to air compression shifts the resonance. Simulations of large 

amplitude sinusoidal motions show that the nonlinear effects of the 

pressure force are dramatic. 
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Fig. 1 Typical squeeze film geometry. 

ISOTHERMAL REYNOLD'S EQUATION 

Parallel rigid plates in relative normal motion experience a 

back-force from the time-dependent pressure distribution in the gas 

film. The product of the plate velocity and this back-force is the 

power transferred into the gas film by the plate motion, some of 

which appears as damping, the rest as stored energy in the 

compressed gas. The governing equation, the compressible 

isothermal Reynold's equation, is a time-dependent non-linear 

parabolic partial differential equation. The non-dimensional form 

of this equation for normal relative motion can be written as 

where 

h 
H=-

h is gap thickness, ho is the initial gap thickness,p is pressure, Pa is 

ambient pressure, L is plate length, µ is viscosity, and d is a 
characteristic time [ 1] . 

The Reynold's equation is obtained from the Navier-Stokes 

equation, the continuity equation and the equation of state by 

assuming that (l) the inertia effect in the Navier-Stokes equation is 

negligible, (2) the pressure distribution across the gap is uniform 

and (3) the fluid velocity component perpendicular to plate surface 

is negligible. 

LINEARIZED MODEL 

Since the isothermal Reynold's equation is a highly non-linear 

partial differential equation, in general it has to be solved 

numerically. However, this equation can be linearized into a 

diffusion-like partial differential equation assuming (1) small gap 

thickness, (2) low Reynold's number, (3) isothermal conditions, (4) 

small motion amplitude, and (5) small pressure variation. The 

non-dimensional form of the linearized Reynold's Equation is 

2 ae ae 
v e-a-=a-

a,. a,. 

where 

'°C = (j)/ e = -COS(J)f 
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w is oscillation frequency, 1: is non-dimensional time, o is 

amplitude of oscillation, .1.p is small variation of pressure, e is the 

linearized non-dimensional pressure, and a is the squeeze number 

[I]. 
The key parameter in the linearized Reynold's Equation is the 

squeeze number cr, which measures the compression of the fluid in 

the gap. If cr is close to O (low speed or frequency), the air film 

obeys nearly incompressible viscous flow; if cr goes to infinity (at 

very high speed or oscillation frequency), the fluid is essentially 
trapped in the gap and behaves like a spring. The linearized 
analytical solution for sinusoidal motion is available for 
rectangular and circular plates [2]. Furthermore, since the 
linearized Reynold's equation is in the same form of the transient 
energy-flow equation, we can use the finite element fluids­
modeling package FIDAP [9] to generate the film pressure 
distribution for complex plate geometries by mapping the 
temperature variable in the energy equation to the pressure variable 
in the linearized Reynold's equation. Fig 2 shows analytical and 
numerical results of the non-dimensional pressure forces vs. 
squeeze number for an air film between two square plates with one 
plate in small-amplitude sinusoidal motion. The sinusoidal back­
force on the plate has two components: one is in phase with plate 
velocity (the viscous damping force), the other is in phase with 
plate displacement (the spring force due to the compressibility of 
air). At small squeeze number (low frequency), the viscous force 
dominates because the air can squeeze out of the gap without being 
compressed. At large squeeze number (high frequency), the spring 
force increases because of compression of the air film. The 
numerical results for the spring force component agree with the 
analytical results, but the damping force component is about 8% 
lower than the analytical results at higher squeeze number. 1be 
reason for this small discrepancy is not yet understood, which 
places a limit of confidence of about 10% on the numerical results 
which follow. The normalized transient response for the total 
back-force is shown in Fig. 3. The forces have been normalized to 
their steady state maximum values. The force lags behind the 
sinusoidal plate velocity, and the phase lag increases with squeeze 
number because of the air compressibility effect. Seidel observed 
this lag experimentally, but chose to model it with a fixed delay 
instead of as a compression effect [ 4]. 
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Fig. 2 Analytical and numerical results of non-dimensional 

damping and spring forces vs. squeeze number for a 

square plate. 
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Fig. 3 Transient responses of the total back-force for two 

different squeeze numbers (20 and 60). 

Fig. 4 is the schematic of a micro-accelerometer fabricated by 
the MIT MEMS group [ IO]. The proof mass is a 500 mm square 
plate supported I µm above the substrate by flexible tethers. The 
simulated small-amplitude dynamical responses of the 
accelerometer are illustrated in Fig. 5. Curve 1 is a typical 
response without any air damping. Curve 2, which drops very fast, 
is the response with the air damping. In order to reduce damping, 
a perforated proof mass can be used. Fig. 6 is a contour plot of the 
transient pressure distribution for a perforated mass; Curve 3 of 
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Fig. 4 Schematic view of a micro-accelerometer fabricated by the MIT MEMS group [ 10}. 
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Fig. 5 is the corresponding response. Curves 2 and 3 show that the 

spring effect of the gas film results in a resonance shift. At low 

frequencies (low squeeze number), the system is overdamped 

because of highly viscous damping. At higher frequencies, the 

viscous damping decreases while the spring force increases (see 

Fig. 2 ). The resonance occurs at a high enough frequencies to 

make the resonance itself be underdamped. 

Note that in many cases the gap thickness is too small to 

consider the air film as a continuum because of slip-flow condition 

at the boundaries. As a result, the damping effect is reduced. The 

viscosity can be modified to a smaller number to account for the 

slip-conditions at least to first order [ 5, 7, 11 ] . 
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Simulated dynamical responses of the micro­

accelerometer with and without air film damping effects. 
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Contour plot of the transient pressure distribution on a 

perforated proof mass of the accelerometer. 

(A) Accelerometer (A) Accelerometer with holes

(C) Angular Rate Gyro (D) Deformable Mirror Device

Fig. 7 Four examples of plate motion related to squeeze-film 

damping. 

LARGE AMPLITUDE MOTION 

In MEMS devices, the motion of the plate is not always a 

small amplitude oscillation. For example, the proof mass of the 

accelerometer shown in Fig. 4 will move a significant distance 

when undergoing a sudden change of acceleration. Therefore, the 

small amplitude oscillation model will not be valid in such a 

circumstance. Furthermore, some devices such as an angular rate 

gyro [ 12] use torsional motion, which is also significantly affected 

by squeezed-film damping, but which cannot be modeled using 

small amplitude motion. In order to deal with those problems, we 

have used the finite difference method to solve the isothermal 

Reynold's equation numerically. Fig. 7 shows four cases of 

squeeze-film damping problems with either large amplitude 

motions or non-parallel relative normal motions. The 3D surface 

and contour plots of pressure distributions for case (A) are shown 

in Fig. 8. These plots are the results at the time in the cycle at 

which the pressure reaches its maximum value. Fig. 9 is the 

dimensionless time response of the total back force for case (A), 

obtained by integrating the pressure on the plate over the plate 

area. The oscillation amplitude in this case is equal to 30 % of the 

gap thickness. Because of the nonlinearity of Reynold's equation, 

the back force curve, which is normalized to the ambient pressure 

force (i.e., ambient pressure times the plate area), is not symmetric 

about the ambient pressure force (P=l in the figure). When the 

plate moves down, the maximum back-force is about I. 2 times of 

the ambient pressure force; when plate moves up, the minimum 

back-force is about 0.9 of the ambient pressure force. Therefore 

1.4 

1.3 

1.2 

1.1 

Fig. 8 

>-

0.5 �,�-�-�-�
\
-·-------� 

0.4 

0.3 

0.2 

0.1 

\ 
\ 
l 

\ 
\ 

\ 
\ 

�- ... _ .... _ .. ___ --l 

--------·--·----� 

0.1 0.2 0.3 0.4 0.5 

0.5 

JD-surface and contour plots of pressure distribution for 

one quarter of a square plate with large amplitude 

motion. 

78



the plate undergoes a larger pressure resistant force when the plate 

moves down. Note that the velocity curve in Fig. 9 has been 

normalized. The figure also indicates that the transfer function 

between force and velocity is clearly nonlinear. 
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Fig. 9 Nonlinear time response of the total pressure back force 

for a square plate with a large amplitude oscillation. 

Table I summarizes the maximum and minimum pressures on 

the plates for the four cases in Fig. 7 when the plates are 

sinusoidally oscillated in normal relative motion or torsional 

motion. Note that the pressure caused by torsional motion, which 

is also a potential second mode of motion for the accelerometer 

shown in Fig. 4, is much less than that caused by normal relative 

motion (case (A) in Fig. (7)) under ambient pressure. The design 

with the perforated plate also reduces the pressure significantly. 

CASE Max. d/hO Max.P/Pa Min.P/Pa 

(A)Accel. 0.3 1.4484 0.7688 

(B) Perforated Accel. 0.3 1.1007 0.9079 

(C) Gvro 0.3 1.0902 0.9246 

(D)DMD 0.3 1.0635 0.9446 

Table 1 Summary of maximum and minimum pressure on the 

plates for the four cases in Fig. 7. Note that d is the 

plate oscillation amplitude, h O is the initial gap 

thickness, P is the air film pressure on the plate, and Pa 

is the ambient pressure. The oscillation amplitude for 

case (C) and (DJ is the maximum displacement of the 

plate tip. 

SUMMARY AND CONCLUSION 

The numerical simulations of squeeze-film damping effects, 

based on the isothermal Reynold's equation, have been explored. 

The linearized model can be simulated by the finite element 

package FIDAP under small amplitude condition for plate 

geometries too complex for analytical solution. The viscous 

damping and spring effects of squeeze-films can be decoupled and 

modeled as frequency-dependent parameters for the small 

amplitude frequency response analysis of MEMS devices. An 

example, the dynamics of an accelerometer, is demonstrated. For 

the device operated in ambient pressure, the viscous damping 

effect dominates at low frequencies. The spring effect of the 

squeezed air film becomes significant at high frequency, and shifts 

the resonance by a large amount. The squeeze-film effect for large 

amplitude motions is simulated by finite difference codes. Four 

examples of different types of motions are demonstrated. The 

nonlinearity of the governing equation gives rise to a nonlinear 

pressure back force on the plate. The maximum pressure back 

forces for each case under specific motion amplitude are 

summarized. 
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