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ABSTRF,CT 

THIS PAPER REPORTS ON SENSITIVITY 
CALCULATIONS OF MONOLITHIC, PIEZORESISTIVE 
PRESSURE SENSOR CHIPS. THE STRESS ANALYSIS IS 
BASED ON A SERIES EXPANSION FOR THE 
DEFLECTION OF A CLAMPED THIN PLATE. WE HAVE 
DETERMINED THESE COEFFICIENTS WITH A 
LEAST-SQUARE FIT TO THE RESULTS OF A FINITE 
ELEMENT ANALYSIS. BOTH SQUARE AND 
RECTANGULAR DIAPHRAGMS ARE MODELED FOR 
MATERIALS WITH ANISOTROPIC ELASTIC AND 
PIEZORESISTIVE PROPERTIES. AVERAGING IS 
PERFORMED OVER THE AREA OF EXTENDED 
PIEZORESISTORS. EXPERIMENTAL RESULTS ARE 
PRESENTED FOR BRIDGE- AND SHEAR- ELEMENTS 
THE AGREEMENT BETWEEN MEASUREMENT AND 
SIMULATION IS EXCELLENT. 

INTODUCTION 

MONOLITHIC SILICON PRESSURE SENSOR CHIPS 
WITH PIEZORESISTIVE SENSING ELEMENTS ON A 
MICROMACHINED DIAPHRAGM ARE COMMERCIALLY 
AVAILABLE FROM MANY MANUFACTURERS. NEW 
DEVELOPMENTS ARE IN PROGRESS TO MEET THE 
REQUIREMENTS OF SMALL SIZE (CATHETER TIP), 
HIGH SENSITIVITY 10.1 PSI PRESSURE RANGE>, 
OR THE INTEGRATION OF COMPENSATION CIRCUITRY. 

COMPUTER AIDED DESIGN IS REPLACING THE 
TIME CONSUMING EVALUATION OF NEW CHIPS 
THROUGH THE PROCESSING OF PROTOTYPES. SENSOR 
SIMULATION ALLOWS THE DESIGNER TO CONSIDER 
DIFFERENT LAYOUTS, USE THE RESULTS IN AN 
INTERACTIVE WAY Tb OPTIMIZE THE DESIGN AND TO 
TEST THE STABILITY OF THE DESIGN WITH REGARD 
TO FABRICATION TOLERANCES. 

THE CALCULATION OF THE SENSITIVITY OF A 
PIEZORESISTIVE PRESSURE SENSOR IS PERFORMED 
IN THl�EE 1:lTEPS, 
1. STRESS CALCULATION, GIVEN THE GEOMETRY OF

THE STRUCTURE,THE ELASTIC PROPERTIES OF
THE MATERIAL AND THE APPLIED PRESSURE
DIFFERENCE, THE STRESS DISTRIBUTION IN
THE DIAPHRAGM IS CALCULATED.

2. PIEZORESISTIVE TRANSDUCTION MECHANISM.
THE RESISTIVITY OF THE MATERIAL CHANGES AS
A FUNCTION OF THE STRESS COMPONENTS.

3. SENSOR RESPONSE, THE RESISTIVITY CHANGES
ARE TRANSLATED INTO THE OUTPUT VOLTAGE OF
THE SENSING ELEMENT.

IN THIS PAPER, PRESSURE SENSORS MANUFAC­
TURED BY ANISOTROPIC ETCHING OF (100)-SILICON 
ARE CONSIDERED. THE ETCHSTOP ON (111)-PLANES 
LEADS TO RECTANGULAR DIAPHRAGMS CONSTRAINED 
DY A RIGID FRAME. FIGURE 1 SHOWS THE GEOMETRY 
AND INTRODUCES THE COORDINATE SYSTEM. THE 
BASIC ASSUMPTIONS OF THE MODEL ARE. 

1. DIAPHRAGM, THIN PLATE OF DIMENSIONS LxWxH,
EDGES IDEALLY CLAMPED,
BOUNDARY NONLINEARITIES NEGLECTED.

2. SMALL DISPLACEMENTS, ONLY LATERAL FORCES
CONSIDERED, GEOMETRIC NONLINEARITIES
NEGLECTED .

. 

3. ANISOTROPIC MATERIAL CONSTANTS OF SILICON.
4. ETCHSTOP ON (111)-PLANES, FOR A WAFER

THICKNESS T, MASK LENGTH M, AND DIAPHRAGM
THICKNESS H,THE LENGTH OF THE DIAPHRAGM IS

l= M-·'rf (T-H) ( i) 

GIVEN THE DEFLECTION OF THE DIAPHRAGM, 
KINEMATICS DETERMINES STRAIN AND STRESS 
COMPONENTS. UNFORTUNATELY, AN ANALYTICAL 
SOLUTION EXISTS FOR CIRCULAR PLATES ONLY. 
FOR RECTANGULAR PLATES VARIATIONAL METHODS 
USING A SERIES EXPANSION FOR THE DEFLECTION 
[il, OR NUMERICAL INTEGRATION USING FINITE 
DIFFERENCES MUST BE USED IS]. 

[/00] 

�

FIG.i, PRESSURE SENSOR CHIP MICROMACHINED 
IN (100)- SILICON. 

STARTING POINT FOR THE ANALYSIS IS AN 
EXPRESSION FOR THE DEFLECTION W(,,�) OF THE 
DIAPHRAGM. THIS FUNCTION IS WRIJTEN AS A 
SUPERPOf,ITIDN OF I<A\:>E:: FUNCTIDNf, 9 WHICH Ht,VL 
PROPER SYMMETRY AND BOUNDARY CONDITIONS. THE 
COEFFICIENTS OF THE SERIES EXPANSION ARE 
DETERMINED BY THE MINIMUM OF THE POTENTIAL 
ENERGY (RITZ-GALERKIN METHOD). TIMDSHENKO 
[1l HAS WORKED OUT THE PROBLEM WITH 4 BASE 
FUNCTION!3i 
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AND HAS PRESENTED THE SOLUTION FOR THE SQUARE 
PLATE WITH ISOTROPIC ELASTIC CONSTANTS. 

IN THIS WORK, THE SAME SERIES EXPANSION 
IS USED FOR THE RECTANGULAR PLATE. THE 
EXPRESSION FOR THE DEFLECTION IS 

W(�,7> = W(O,D) * F<�,�> 
• ::::. (.-,,,.'l_ 1.':'=-_'"t:':. ,\'::. 1 " .2 rt -� , r 2,, 1 • F(�,1(> \\ .·,' \�;... 1 •"(i-:-,.,.�-,--...i?{:, 

. 
.. 

hh1986/$20©1986TRF
DOI 10.31438/trf.hh1986.29

76 Solid-State Sensors, Actuators, and Microsystems Workshop
Hilton Head Island, South Carolina, June 1-5, 1986



WHERE W(0,0)= co,w�,P/D IS THE DEFLECTION AT 
THE CENTER OF THE PLATE , F IS A NORMALIZED 
FUNCTION FOR THE DEFLECtION, P IS THE 
PRESSURE DIFFERENCE ACROSS THE PLATE, AND 
D=E'*H3 /Ci2(i-v'1 )J IS THE FLEXURAL RIGIDITY. 
THE GEOMETRY IS DEFINED IN FIGURE l. THE 4 
COEFFICIENTS CO ... C3 ARE DETERMINED BY A 
LEAST-SQUARE FIT TO THE RESULTS OF AN 
INDEPENDENT FINITE ELEMENT ANALYSIS <FEA). 

'ABAQUS' [21 WAS USED AS THE FINITE 
ELEMENT CODE. ONE FORTH OF THE PLATE WAS 
MODELED WITH A NET OF 4x4 AND iOxiO SECOND 
ORDER SHELL ELEMENTS. THIS ANALYSIS WAS 
PERFORMED FOR A SERIES OF PLATES WITH ASPECT 
RATIOS BETWEEN 1 AND 4. FOR EACH ASPECT 
RATIO THE DEFLECTION WAS FITTED WITH EQUATION 
(3), AND THE RESULTING DEFLECTION 
COE�FICIENTS WERE AGAIN FITTED WITH CUBIC 
SPLINES TO DETERMINE THE GENERAL DEPENDENCE 
ON THE ASPECT RATIO. FIGURE 2 SHOWS THE 
RESULTS, AND THE FOLLOWING TABLE GIVES 
SELECTE� VALUES FOR THE SQUARE AND ONE 
RECTANGULAR PLATE. 

L/W co Ci 

TI M0!3HENK D j_ i . 264 E····3 0 . ,:64'::i () . c'.64S 0. :309
FEA (Si) j_ i . 3B E····3 0. ;.?.19 () .2t? 0.320 
FE,; mu ':> r ••. 2.64 E····:5 i .444 () .0223 0 .33B 

DEFLECTION COEFFICIENTS 

Cl 
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2 
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FIG. 2, DEFLECTION COEFFICIENTS FOR A 
RECTANGULAR PLATE. DATA POINTS ARE 
TAKEN FROM TABLE 35 OF REFERENCE [11. 

KINEMATICS DETERMINES THE STRAIN 
COMPONENTS E� AS SECOND DERIVATIVES OF THE 
DEFLECTION AND THE STRE!3S COMPONENT�, 6'-< f.,S 
LINEAR COMBINATIONS OF THE ::,rn,4IN COMPONENH,. 

THE EFFECTIVE ELASTIC MODULI FOR THE 
COORDINATE SYSTEM OF FIGURE 1 ARE Exx'=i.70, 
Exy'=0.107, YOUNG's MODULUS E'=i.69 
<P,LL IN UNITS OF i0'2. DYN./CM2 ) .• AND POISSON 
RATIO v'= 0.063 [41. 

THE RESULTS ARE WRITTEN AS THE PRODUCT 
OF AN AMPLITUDE FACTOR AND TWO NORMALIZED 
FUNCTIONS Fxx AND Fyy DESCRIBING THE STRAIN 
DISTRIBUTION ACROSS THE PLATE. 

6'. < e ·' ,, ) ,::: I� * C Fxx + V, ' Fy .Y } 
(4) 

E" ... ( � ·' (> :::: - ,1; * C VI. Fxx Fyy } 

WITH A= 48 * CO *  f(z') * P * (W/H)2 , 

·- , -2
( 

'2. )t [ r ;i 'l. r '> l··xx<�.,?>= a yZ-1 l;.Ci-2J+�• tC�--·C,].;.

+ G�'\r1-2ei}� l[[C1·2·c�1);. LS�" [Ci+ 1/.:31}

Fyy<�,7>= · (�:.1)
'l.
1[c1·2�+f[c�-2•c11+ 

� � r \\. , 
+Giz (r1-2c,')-r� [cl--2�3Jr ISrt'fc1 +�

2.
c�1 J

f(z')=i-<2*z'/H) DESCRIBES THE LINEAR 
DECREASE FROM THE SURFACE ( z'=O) TO THE 
NEUTRAL. PLANE, AND a=L/W IS THE ASPECT RATIO 
OF THE PLATE .

. 

THE SHEAR STRESS IS NEEDED FOR THE 
COORDINATE SYSTEM WITH (100)-AXES. THIS 
INVOLVES A ROTATION OF 4 5  DEGREES AND LEADS
TO THE RESUL .T,�s= (IS'".._ --S'

:l
}/2. 

FIGURES 3 AND 4 ILLUSTRATE THE NORMALIZED 
STRESS DISTRIBUTIONS f□R A SQUARE AND A 
RECTANGULAR PLATE WITH ASPECT RATIO 2. 

PIEZORESISTANCE AND SENSOR RESPONSE 

THE PIEZORESISTIVE TEN::;oR en-, l:U:.I .. ATrn THE 
STRESS COMPONENTS TD ANISOTROPIC CHANGES OF 
THE RESISTIVITY. FOR THE PLANAR PROBLEM OF 
THE THIN DIAPHRAGM, THERE ARE THREE LATERAL. 
STRESS COMPONENTS AND THREE BASIC 'SHEET 
RESISTORS', Rx, A 2-POINT RESISTOR WITH 
CURRENT IN THE X-DIRECTION; Ry, A 2-PDINT 
RESISTOR ALIGNED TO THE Y-tIRttTION; AND 
Rxy, A 4-POINT RESISTOR WITH CURRENT IN THE 
X-�iRECTION AND AN ELECTRICAL FIELD RESPONSE
IN THE Y-DIRECTION. r IS USED FOR THE STRESS
INDUCED RELATIVE CHANGE OF RESISTANCE. 

FOR THE ORIENTATIONS 
OF PRACTICAL IMPORTANCE, 
THE PIEZORESISTIVE TENSOR 
HAS THE FORM, 

THIS DETERMINES THE TWD PIEZORESIST□RS 
IMPLEMENTED IN THE SIMULATION PROGRAM. 

1. THE 2-POINT RESISTOR ALIGNED PARALLEL TO
ONE OF THE EDGES OF THE DIAPHRAGM, 

2. THE 4-POINT RESISTOR [7l ALIGNED AT AN
ANGLE OF 4S DEGREES TOWARDS THE EDGE OF 
THE DIM-'HlxAGi'-1. 

,,... - �\ ::-' '"'-� - ll�, ., ,S 
( 7) 

- - \ ,_ ,._ \ --:.�.s = ·\1L.�� 
�$. = 2 \.':-:,;4. - > ::1 

THE VALUES OF THE PIEZORESISTIVE 
COEFFICIENTS DEPEND ON THE PEAK CONCENTRATION 
OF THE RESISTOR DOPING PROFILE. THE 
FOLLOWING VALUES ARE CONSISTENT WITH 
PUBLISHED DATA [3l FOR P-TYPE SILICON (UNITS 

\0- 1� CM2/DYN) , 

�4-f.!.:::; 
Zi J. "" 
'l\j.?:,·

96 .'::i C 1 - 0.202 LOG(N./1Ei8) } 
2.46 C 1 - 0.226 LOG(N/iEiB) ) 

-0.46 C 1 - 0 268 1...0G(N/1E18) }

IN THE SIMULATION PROGRAM_, ME;\NDER-1...Il<E 
RE!:,11:;TOI�!, CAN BE L.AYED OUT DN THE I>IP,PHR(.>,GM. 
THE GEOMETRY IS BRDl<EN DOWN INTO S(�UAREB OF 
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FIG.3,CONTOUR PLOT FOR THE STRESS COMPONENT64 

FOR A SQUARE AND A RECTANGULAR PLATE 
WITH ASPECT RATIO 2. STEP INCREMENT=O.S. 
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FIG. 4: CONTOUR PLOT FDR THE SHEAR STRESS G's 

l[iOOl-AXES) FOR A SQUARE AND A 
RECTANGULAR PLATE. STEP INCREMENT=0.25. 

THE LINEWIDTH, AND THE STRESS COMPONENTS ARE 
AVERAGED OVER THE NUMBER OF THE SQUARES. 

AS THE LAST STEP, INDIVIDUAL RESISTORS 
ARE COMBINED TO A SEN�ING ELEMENT, AND THE 
OUTPUT VOLTAGE IS CALCULATED. Two· 
STRUCTURES OFFER A DIFFERENTIAL OUTPUT 
VOLTAGE VOUT, RATI□METRIC TO THE SUPPLY 
l.,1 0L.Ti1GE VIN, 

1 WHEATSTONE BRIDGE OF FOUR 2-POINT 
RESISTORS, 

VOUT/VIN � Cri - r2 + r3 - r4l / 4 (7) 

2. SHEAR ELEMENT = 4-POINT RESISTOR,

VDUT/VIN -- 1(0 * r
,_-:: 

THE CONSTANT KO DEPENDS ON THE GEOMETRY 
OF THE ELEMENT. FOR A RECTANGULAR ELEMENT 
WITH DIMENSIONS LxW AND A HOMOGENEOUS 
CURRENT DISTRIBUTION, KO = W/L . 

THE TRANSFER FUNCTION VOUT/VIN = S * P 
DEFINES THE SENSITIVITY S OF THE DEVICE. 

RESULTS 

FOR A GIVEN RESISTOR LAYOUT, WAFER 
THICKNESS AND CAVITY MASK, THE CbNTROL OF THE 
DIAPHRAGM THICKNESS LEADS

. 
TO A SERIES OF 

CHIPS WITH DIFFERENT PRESSURE RANGES. THE 
FINAL RESULT OF THE SENSOR SIMULATION IS A 
CALCULATED CURVE FOR THE SENSITIVITY AS A 
FUNCTION OF THE DIAPHRAGM THICKNESS. THIS 
CALCULATION TAKES THE GEOMETRY OF THE 
MICROMACHINED STRUCTURE, LOOKS UP THE 
DEFLECTION COEFFICIENTS

.
FOR THE GIVEN ASPECT 

RATIO, CALCULATES THE STRESS DISTRIBUTION, 
AVERAtES OVER THE RESISTOR LAYOUT, LOOKS UP 
THE PIEZORESISTIVE COEFFICIENTS AND 
CALCULATES THE SENSITIVITY. AT THIS POINT, 
THE RESPONSE CAN BE FITTED TO MEASURED DATA 
POINTS BY ADJUSTING A SCALE FACTOR. NOTICE, 
THAT THERE ARE NO OTHER ADJUSTABLE PARAMETERS 
IN THE MODEL. 

FIGURE 5 SHOWS A COMPARISON OF CALCULA­
TED AND MEASURED DATA. THE DATA POINTS ARE 
AVERAGES OF A SERIES OF 10 DEVICES, 
POSITIONED AT THE SPECIFIED DIAPHRAGM 
THICKNESS. THE EXAMPLE IS FOR A WHEATSTONE 
BRIDGE ON A SQUARE DIAPHRAGM. THE INSERT 
SHOWS THE RESISTOR LAYOUT. THE SAME KIND OF 
COMPARISON WAS PERFORMED FOR A SHEAR ELEMENT 
ON A SQUARE DIAPHRAGM AND A WHEATSTONE BRIDGE 
ON A RECTANGULAR DIAPHRAGM. IN EACH CASE, 
SIMULATION AND MEASUREMENT AGREE WITHIN 10 % 
(SCALE FACTORS BETWEEN 0.9 AND 1.1>. 

DISCUSSION 

THE 'TIMOSHENKO-FORMULA' HAS BEEN USED 
BY MANY GROUPS FOR STRESS CALCULATIONS OF THE 
SQUARE DIAPHRAGM. "ITS PSEUDO-ANALYTICAL 
APPROACH OFFERS A FAST AND CONVENIENT 
SOLUTION FOR A DESKTOP COMPUTER. COMBINING 
IT WITH THE FINITE ELEMENT METHOD, MAKES THE 
APPROACH ACCESSIBLE TO ANISOTROPib MATERIALS, 
RECTANGULAR DIAPHRAGMS, AND WITH PROPER 
MODIFICATIONS, TO NONLINEAR CORRECTIONS DUE 
TO LARGE DEFLECTIONS AND BOUNDARY CONDITIONS. 
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FIG.S:COMPARISON OF MEASUREMENT AND SIMULATION 
FOR A SERIES OF PRESSURE SENSOR CHIPS. 

TYPICAL AGREEMENT BETWEEN THE ORIGINAL 
FINITE ELEMENT ANALYSIS AND THE VALUES 
CALCULATED WITH THE FITTED SERIES EXPANSION 
IS WITHIN 1% FOR THE STRESS ALONG THE Y-AXIS, 
BUT REACHES 10% FOR VALUES ALONG THE LENGTH

. 

OF THE RECTANGULAR DIAPHRAGM. MINOR STRAIN 
COMPONENTS CAN BE OFF BY A FACTOR OF 2. 
GOING FROM 4x4 TO 10xi0 ELEMENTS IN THE FEA 
CHANGES THE COEFFICIENTS BY A FEW PERCENT. 
THE AGREEMENT BETWEEN MEASURED AND CALCULATED 
SENSITIVITIES IS TYPICALLY WITHIN 10 PERCENT. 
THE MAJOR UNCERTAINTY IS THE EXACT THICKNESS 
OF THE DIAPHRAGM. 

THE INHERENT STRENGTH OF A SIMULATION 
PROGRAM IS ITS INTERACTIVE USE IN THE DESIGN 
AND DATA ANALYSIS PROCESS. ONLY A FEW 
EXAMPLES CAN BE PRESENTED HERE, 

(A) FIGURE 6 SHOWS THE TRANSITION FROM A
SQUARE TO A RECTANGULAR DIAPHRAGM FOR A GIVEN 
RESISTOR LAYOUT (SEE INSERT) AND CONSTANT 
DIAPHRAGM WIDTH. THE SENSITIVITY INCREASES 
DUE TO THE CONTRIBUTION OF THE CENTER 
RESISTORS; IT LEVELS OFF WHEN THE STRESS 
DISTRIBUTION APPROACHES THAT OF A BRIDGE-LIKE 
STRUCTURE ACROSS THE WIDTH OF THE DIAPHRAGM. 

CB) MANUFACTURING VARIATIONS DUE TO 
CHANGES IN WAFER THICKNESS, FINITE ETCH RATE 
IN THE [1111-DIRECTION, MASK REGISTRATION, 
ETC. CAN BE SIMULATED: A POINT-LIKE SHEAR 
ELEMENT NEAR THE EDGE OF THE DIAPHRAGM IS 
MOST SENSITIVE, WHILE A DESIGN LIKE THE ONE 
IN FIGURE 6 REiECTS MANY OF THESE VARIATIONS. 

CC> THE NONLINERITY IN THE PRESSURE
RESPONSE HAS ITS CAUSE IN 3 CONTRIBUTIONS: 
SECOND ORDER PIEZORESISTIVE COEFFIENTS [81, 
MEMBRANE STRESS (LARGE DEFLECTIONS) [81, AND 
NONLINEAR BOUNDARY CONDITIONS REFLECTIN� THE 
ASYMMETRY OF THE MICR□MACHINED STRUCTURE. 
THE DEVICE IN FIGURES HAS A MEASURED 
PRESSURE NONLINEARITY OF LESS THAN 0.1 
PERCENT <GAGE AND BACKGAGE> FOR ANY DIAPHRAGM 
THICKNESS BETWEEN 35 AND 150 MICRON AND A 
DESIGN RULE OF 20 MV/V FULL SCALE OUTPUT. AT 
35 MICRON THE DEFLECTION AMOUNTS TO 8.5% OF 
THE DIAPHRAGM THICKNESS, AND THE MAXIMUM 
STRAIN IS 40 PPM. AT 15 MICRON AND A REDUCED 
OUTPUT OF 10 MV/V, THE DEFLECTION IS 6.4 
MICRON, THE STRAIN rs 210 PPM, AND THE 
MEASURED PRESSURE NONLINEARIT� IS 0.2 % IN 
THE GAGE CONFIGURATION, BUT ABOUT 2 % IN THE 
BACKGAGE CONFIGURATION. 

QUADRATIC PIEZORESISTIVE COEFFICIENTS 
HAVE BEEN IMPLEMENTED IN THIS SIMULATION 
PROGRAM. THE ABOVE EXAMPLE DEMONSTRATES THE 
NEED TO DEAL WITH THE ASYMMETRY OF THE 
MICROMACHINED STRUCTURE. THE SERIES 
EXPANSION FITTED TO THE RESULTS OF A FINITE 
ELEMENT ANALYSIS HAS THE FLEXIBILITY TO 
IMPLEMENT THESE CORRECTIONS [61. 

600 
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FIG.6, SENSITIVITY vs. ASPECT RATIO FOR A 
GIVEN RESISTOR LAYOUT AND CONSTANT 
DIAPHRAGM WIDTH. 

TO SUMMARIZE, THE PRESENTED METHOD 
ALLOWS THE TRANSFER OF RESULTS FROM THE 
MAINFRAME TO A SIMULATION PROGRAM IMPLEMENTED 
ON A PERSONAL COMPUTER. WE HAVE SIMULATED A 
WIDE VARIETY OF DIFFERENT CHIP DESIGNS AND 
FOUND EXCELLENT AGREEMENT WITH MEASURED 
SENSITIVITIES. 
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